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We derive stochastic master equations for a quantum system interacting with a Bose field prepared
in a superposition of continuous-mode coherent states. To determine a conditional evolution of
the quantum system we use a collision model with an environment given as an infinite chain of
not interacting between themselves qubits prepared initially in a entangled state being a discrete
analogue of a superposition of coherent states of the Bose field. The elements of the environment
chain interact with the quantum system in turn one by one and they are subsequently measured.
We determine a conditional evolution of the quantum system for continuous in time observations
of the output field as a limit of discrete recurrence equations. We consider the stochastic master
equations for a counting as well as for a diffusive stochastic process.
PACS numbers:
I. INTRODUCTION
Quantum filtering theory [1–8] formulated within the framework of quantum stochastic Itô calculus (QSC) [9, 10]
gives the best state estimation of an open quantum system on the basis of a continuous in time measurement preformed
on the Bose field interacting with the system. The filtering theory is formulated with the making use of input-output
formalism [11] wherein the input field is interpreted as the field before interaction with the system and the output field
is interpreted as the field after this interaction. Information about the quantum system is gained in an indirect way by
performing the measurements on the output field. In general, there are two types of the measurement considered in the
filtering theory, namely, the photon counting and homodyne/heterodyne measurements which corresponds respectively
to the counting and diffusion stochastic processes [6]. Evolution of an open quantum system conditioned on the results
of the continuous in time measurement of the output field is given by the stochastic master equation called also in the
literature the quantum filtering equation. The conditional state, depending on all past results of the measurement,
creates quantum trajectory. By taking the average over all possible outcomes of the measurements we get from the
a posteriori evolution the a priori evolution given by the master equation. Clearly, the form of the filtering equation
depends on the initial state of the environment and on the type of measurement performed on the output field. There
exist many derivations of the filtering equations (see, for example, [1–4, 8, 12–15]). The rigorous derivations of the
conditional evolution for the case when the Bose field is prepared in the Gaussian state one can find, for instance, in
[16–21]. The standard methods of determination of the filtering equation stop working when the Bose field is prepared
in non-classical state. The initial temporal correlations in the Bose field makes then the evolution of open system non-
Markovian. The system becomes entangled with the environment and its evolution is no longer given by one equation
but by a set of equations. In this case to determine the conditional evolution of the system one can apply a cascaded
approach [7] with an ancilla system being a source of non-classical signal. The methods of determination the filtering
equation based on the idea of enlarging the Hilbert space of the compound system by the Hilbert space of ancilla
were used for single photon state in [22–25], for a Fock state in [26–28], and for a superposition of coherent states in
[22, 24]. Note, however that ancilla system serve here only as a convenient theoretical mathematical device allowing to
solve the problem of determination of the conditional evolution. Unfortunately, by introducing such auxiliary system
we loose some physical intuition and the interpretation of quantum trajectories become thereby more difficult.
In the paper we present derivation of the filtering equations for the environment prepared in a superposition
of coherent states. Instead of the methods based on the concept of ancilla and QSC, we use quantum repeating
interactions and measurements model [29–32], known also in the physical literature as a collision model [33]. We
consider the environment modeled by an infinite chain of qubits which interact in turn one by one with a quantum
system. After each interaction the measurement is preformed on the last qubit interacted with the system. The
essential properties of our model are that each qubit interacts with the system only once and that the environment
qubits do not interact between themselves. So in the paper we use the toy Fock space as an approximation of
the symmetrical Fock space [15, 29, 34, 38–41]. The idea of obtaining the differential filtering equations from their
difference versions were implemented for the Markovian case in [14, 15, 34, 35]. As shown in [36, 37] it can be
successfully applied also for the non-Markovian case.
The paper is organized as follows. In Sec. II, we introduce a description of the environment and its interaction with
the quantum system. Sec. III is devoted to derivation of the conditional evolution of open system for the case when
2the environment is prepared in a coherent state. In Sec. IV the conditional evolution of open system for the bath in
a superposition of coherent states is investigated. As an example, we present the a priori and the a priori dynamics
of a single mode cavity in Sec. V. Our results are briefly summarized in Sec. VI.
II. THE UNITARY SYSTEM AND ENVIRONMENT EVOLUTION
Let us consider a quantum system S of the Hilbert space HS interacting with an environment consisting of a
sequence of qubits. We assume that the environment qubits do not interact between themselves but they interact in
a successive way with the system S each during the time interval of the length τ . At a given moment S interacts with
only one of the environment qubits. The Hilbert space of the environment is
HE =
+∞⊗
k=0
HE,k, (1)
where HE,k stands for the Hilbert space of the k-th qubit interacting with S in the time interval [kτ, (k + 1)τ). We
start from a discrete in time model of repeated interactions (collisions) to show finally its limit with time treated as a
continuous variable. We will treat τ as a small time and work to linear order in τ (we neglect all higher order terms
in τ).
We assume that the unitary evolution of the compound E + S system is governed by [29, 31]
Uj = Vj−1Vj−2 . . .V0 for j ≥ 1, U0 = 1, (2)
where Vk is the unitary operator acting non-trivially only in the Hilbert space HE,k ⊗HS , that is,
Vk =
k−1⊗
i=0
1i ⊗ Vk, (3)
and
Vk = exp (−iτHk) , (4)
with
Hk =
+∞⊗
i=k
1i ⊗HS + i√
τ
(
σ+k ⊗
+∞⊗
i=k+1
1i ⊗ L− σ−k ⊗
+∞⊗
i=k+1
1i ⊗ L†
)
, (5)
where HS is the Hamiltonian of S, L is a bounded operator of S, and σ+k = |1〉k〈0|, σ−k = |0〉k〈1|, where by |0〉k
and |1〉k we denoted respectively the ground and excited states of the k-th qubit. The Hamiltonian Hk is written in
the interaction picture eliminating the free evolution of the bath. A detailed discussion on the physical assumptions
leading to (5) one can find, for instance, in [33, 35, 42]. For simplicity, we set the Planck constant ~ = 1. Note that
Uj describes the j-th first interactions and it has trivial action on
⊗+∞
k=j HE,k.
Let us define in HE,k the vector |αk〉k by the formula [35]
|αk〉k = e
√
τ(αkσ+k −α∗kσ−k )|0〉k, (6)
where αk ∈ C. One can check that
|αk〉k =
(
1− |αk|
2
2
τ
)
|0〉k + αk
√
τ |1〉k +O(τ3/2) (7)
and
〈αk|σ−k |αk〉 =
√
ταk +O(τ
3/2), 〈αk|σ+k σ−k |αk〉 = τ |αk|2 +O(τ2). (8)
The coherent state in HE we define as
|α〉 =
+∞⊗
k=0
|αk〉k (9)
3with the condition
+∞∑
k=0
|αk|2τ <∞.
Note that the vector state |α〉 is a discrete analogue of coherent state defined in the symmetric Fock space considered
in QSC. We will show that it allows in the continuous time limit to reproduce all results for the coherent state received
within QSC.
III. QUANTUM TRAJECTORIES FOR THE COHERENT STATE
In this section we consider the case when the composed E +S system is prepared initially in the pure product state
|α〉 ⊗ |ψ〉, (10)
where |α〉 is the coherent state of the environment.
A. Photon counting
We assume that after each interaction the measurement is performed on the last element of the environment chain
just after its interaction with S. A goal of this subsection is providing a description of the state of S conditioned on
the results of the measurements of the observables
σ−k σ
+
k = |1〉k〈1|, k = 0, 1, 2, . . . . (11)
Theorem 1 The conditional state of S and the part of the environment which has not interacted with S up to jτ for
the initial state (10) and the measurement of (11) at the moment jτ is given by
|Ψ˜j〉 = |Ψj〉√〈Ψj |Ψj〉 , (12)
where
|Ψj〉 =
+∞⊗
k=j
|αk〉k ⊗ |ψj〉 (13)
and the conditional vector |ψj〉 from HS satisfies the recurrence formula
|ψj+1〉 = M jηj+1 |ψj〉, (14)
where ηj+1 stands for a random variable describing the (j + 1)-th output of (11), and M
j
ηj+1 has the form
M
j
0 = 1S −
(
iHS +
1
2
L†L+ L†αj +
|αj |2
2
)
τ +O(τ2), (15)
M
j
1 = (L+ αj)
√
τ +O(τ3/2). (16)
Initially |ψj=0〉 = |ψ〉 such that |Ψ˜j=0〉 = |α〉 ⊗ |ψ〉.
It is clear that |Ψ˜j〉 is the product state vector belonging to the Hilbert space
+∞⊗
k=j
HE,k ⊗ HS . Note also that the
conditional vector |ψj〉 depends on all results of the measurements performed on the bath qubits up to time jτ .
Proof. We prove the above theorem by an induction technique. So we start from the assumption that (13) holds
and then check that
Vj |Ψj〉 = |0〉j ⊗
+∞⊗
k=j+1
|αk〉k ⊗
(
1S −
(
iHS +
1
2
L†L+ L†αj +
|αj |2
2
)
τ +O(τ2)
)
|ψj〉
+|1〉j ⊗
+∞⊗
k=j+1
|αk〉k ⊗
[
(L+ αj)
√
τ +O(τ3/2)
]
|ψj〉. (17)
4Now using the fact that the conditional vector |Ψj+1〉 from the Hilbert space
+∞⊗
k=j+1
HE,k ⊗HS is defined by

Πjηj+1 ⊗
+∞⊗
k=j+1
1k ⊗ 1S

Vj |Ψj〉 = |ηj+1〉j ⊗ |Ψj+1〉, (18)
where
Πj0 = |0〉j〈0|, Πj1 = |1〉j〈1|, (19)
we readily find that |Ψj+1〉 has the form
|Ψj+1〉 =
+∞⊗
k=j+1
|αk〉k ⊗ |ψj+1〉 (20)
with |ψj+1〉 given by (14), which ends the proof.
B. Homodyne detection
Now we describe the evolution conditioned on the results of the measurements of the observables
σxk = σ
+
k + σ
−
k = |+〉k〈+| − |−〉k〈−|, k = 0, 1, 2, . . . , (21)
where
|+〉k = 1√
2
(|0〉k + |1〉k) , (22)
|−〉k = 1√
2
(|0〉k − |1〉k) , (23)
are vectors from the Hilbert space HE,k.
Theorem 2 The conditional state of S and the part of the environment which has not interacted with S up to jτ for
the initial state (10) and the measurement of (21) at the moment jτ is given by
|Ψ˜j〉 = |Ψj〉√〈Ψj |Ψj〉 , (24)
where
|Ψj〉 =
+∞⊗
k=j
|αk〉k ⊗ |ψj〉 (25)
and the conditional vector |ψj〉 from HS satisfies the recurrence formula
|ψj+1〉 = Rjζj+1 |ψj〉, (26)
where ζj+1 = ±1 stands for a random variable describing (j + 1)-th output of (21), and
R
j
ζj+1
=
1√
2
[
1S −
(
iHS +
1
2
L†L+ L†αj +
|αj |2
2
)
τ + (L+ αj)ζj+1
√
τ +O(τ3/2)
]
. (27)
Initially |ψj=0〉 = |ψ〉 such that |Ψ˜j=0〉 = |α〉 ⊗ |ψ〉.
5Proof. Assuming that (25) holds we get
Vj |Ψj〉 = 1√
2
|+〉j ⊗
+∞⊗
k=j+1
|αk〉k ⊗
{
1S −
(
iHS +
1
2
L†L+ L†αj +
|αj |2
2
)
τ
+(L+ αj)
√
τ +O(τ3/2)
}
|ψj〉
+
1√
2
|−〉j ⊗
+∞⊗
k=j+1
|αk〉k ⊗
{
1S −
(
iHS +
1
2
L†L+ L†αj +
|αj |2
2
)
τ
− (L+ αj)
√
τ +O(τ3/2)
}
|ψj〉. (28)
The conditional vector |Ψj+1〉 from the Hilbert space
+∞⊗
k=j+1
HE,k ⊗ HS satisfies for the measurement of (21) the
equation 
Πjζj+1 ⊗
+∞⊗
k=j+1
1k ⊗ 1S

Vj |Ψj〉 = |ζj+1〉j ⊗ |Ψj+1〉, (29)
where ζj+1 has to possible values ±1, and
Πj+1 = |+〉j〈+|, Πj−1 = |−〉j〈−|. (30)
It is seen that |Ψj+1〉 has the form of (25) and the vector |ψj〉 from HS satisfies the recurrence equation (27).
IV. QUANTUM TRAJECTORIES FOR A SUPERPOSITION OF COHERENT STATES
Let us assume that the initial state of the compound E + S system is given by
(cα|α〉 + cβ|β〉) ⊗ |ψ〉, (31)
where |α〉 and |β〉 are coherent states of HE , and
|cα|2 + cαc∗β〈β|α〉+ c∗αcβ〈α|β〉 + |cβ |2 = 1. (32)
Note that in this case the bath qubits are prepared in the entangled state.
A. Photon counting
Theorem 3 The conditional state of S and the part of the environment which has not interacted with S up to jτ for
the initial state (31) and the measurement of (11) at the moment jτ is given by
|Ψ˜j〉 = |Ψj〉√〈Ψj |Ψj〉 , (33)
where
|Ψj〉 = cα
+∞⊗
k=j
|αk〉k ⊗ |ψj〉+ cβ
+∞⊗
k=j
|βk〉k ⊗ |ϕj〉. (34)
The conditional vectors |ψj〉, |ϕj〉 from HS in (34) are given by the recurrence formulas
|ψj+1〉 = Mαjηj+1 |ψj〉, (35)
|ϕj+1〉 = Mβjηj+1 |ϕj〉, (36)
6where ηj+1 = 0, 1 stands for a random variable describing the (j + 1)-th output of (11), and
M
αj
0 = 1S −
(
iHS +
1
2
L†L+ L†αj +
|αj |2
2
)
τ +O(τ2), (37)
M
βj
0 = 1S −
(
iHS +
1
2
L†L+ L†βj +
|βj |2
2
)
τ +O(τ2), (38)
M
αj
1 = (L+ αj)
√
τ +O(τ3/2), (39)
M
βj
1 = (L+ βj)
√
τ +O(τ3/2), (40)
and initially we have |ψ0〉 = |ϕ0〉 = |ψ〉.
Proof. The proof is straightforward. We simply refer to the results of the previous Section and the linearity of the
evolution of the total system.
Let us notice that the form of |Ψj〉 indicates that the system S becomes entangled with this part of the environment
which has not interacted with S yet. Taking the partial trace of the operator |Ψj〉〈Ψj | over S we get the unnnormalized
state of the environment of the form
ρ
field
j = |cα|2
+∞⊗
k=j
|αk〉k〈αk|〈ψj |ψj〉+ cαc∗β
+∞⊗
k=j
|αk〉k〈βk|〈ϕj |ψj〉
+c∗αcβ
+∞⊗
k=j
|βk〉k〈αk|〈ψj |ϕj〉+|cβ|2|
+∞⊗
k=j
|βk〉k〈βk|〈ϕj |ϕj〉. (41)
The operator ρfieldj describes the conditional state of this part of the environment which has not interacted with S
yet. It depends on all results of the measurements performed on the bath qubits up to jτ . Therefore, we can say that
the results of the measurements changes our knowledge about the state of the future part of the environment.
In order to obtain the conditional state of S one has to take the partial trace of |Ψ˜j〉〈Ψ˜j | over the environment.
One can check that the a posteriori state of S at the time jτ has the form
ρ˜j =
ρj
Trρj
, (42)
where
ρj = |cα|2|ψj〉〈ψj |+ cαc∗β
+∞∏
k=j
〈βk|αk〉|ψj〉〈ϕj |+ c∗αcβ
+∞∏
k=j
〈αk|βk〉|ϕj〉〈ψj |+ |cβ |2|ϕj〉〈ϕj | (43)
and Trρj is the probability of a particular trajectory.
To derive the set of recurrence equations describing the stochastic evolution of S it is convenient to write down the
conditional state of S at jτ in the form
ρ˜j = |cα|2ρ˜ααj + cαc∗β ρ˜αβj + c∗αcβρ˜βαj + |cβ|2ρ˜ββj , (44)
where
ρ˜ααj =
1
Trρj
|ψj〉〈ψj |, (45)
ρ˜
αβ
j =
+∞∏
k=j
k〈βk|αk〉k
Trρj
|ψj〉〈ϕj |, (46)
7ρ˜
βα
j =
+∞∏
k=j
k〈αk|βk〉k
Trρj
|ϕj〉〈ψj |, (47)
ρ˜
ββ
j =
1
Trρj
|ϕj〉〈ϕj |. (48)
In our derivation we will use several times the formula
+∞∏
k=j
k〈βk|αk〉k =
+∞∏
k=j+1
k〈βk|αk〉k
(
1− 1
2
(|αj |2 + |βj |2 − 2αjβ∗j ) τ +O(τ2)
)
(49)
following from
k〈βk|αk〉k = 1− 1
2
(|αk|2 + |βk|2 − 2αkβ∗k) τ +O(τ2). (50)
Let us notice first that the conditional operator ρj+1 is given by the recurrence formula
ρj+1 = |cα|2Mαjηj+1 |ψj〉〈ψj |Mαj†ηj+1 + cαc∗β
+∞∏
k=j+1
〈βk|αk〉Mαjηj+1 |ψj〉〈ϕj |Mβj†ηj+1
+c∗αcβ
+∞∏
k=j+1
〈αk|βk〉Mβjηj+1 |ϕj〉〈ψj |Mαj†ηj+1 + |cβ |2Mβjηj+1 |ϕj〉〈ϕj |Mβj†ηj+1 , (51)
where ηj+1 stands for the random variable having two possible values: 0, 1. Let us note that in order to determine
ρ˜j+1 we need to know the operators (45)–(48) at the moment jτ and the result of the next measurement. When the
result of the measurement is 0, then we obtain from Eqs. (35) and (36) the following set of discrete equations
|ψj+1〉〈ψj+1| = |ψj〉〈ψj | − i[HS , |ψj〉〈ψj |]τ − 1
2
{
L†L, |ψj〉〈ψj |
}
τ
−|ψj〉〈ψj |Lα∗jτ − L†|ψj〉〈ψj |αjτ − |ψj〉〈ψj ||αj |2τ +O(τ2), (52)
|ψj+1〉〈ϕj+1| = |ψj〉〈ϕj |
(
1− 1
2
(|αj |2 + |βj |2) τ
)
−i[HS , |ψj〉〈ϕj |]τ − 1
2
{
L†L, |ψj〉〈ϕj |
}
τ
−|ψj〉〈ϕj |Lβ∗j τ − L†|ψj〉〈ϕj |αjτ +O(τ2), (53)
|ϕj+1〉〈ϕj+1| = |ϕj〉〈ϕj | − i[HS , |ϕj〉〈ϕj |]τ − 1
2
{
L†L, |ϕj〉〈ϕj |
}
τ
−|ϕj〉〈ϕj |Lβ∗j τ − L†|ϕj〉〈ϕj |βjτ − |ϕj〉〈ϕj ||βj |2τ +O(τ2). (54)
The conditional probability of the outcome 0 at the moment (j + 1)τ when the a posteriori state of S at jτ was ρ˜j
is defined as
pj+1(0|ρ˜j) = Trρj+1
Trρj
, (55)
where ρj+1 is given by (51) for ηj = 0. Hence, we obtain the formula
pj+1(0|ρ˜j) = 1− νjτ +O(τ2), (56)
where
νj = |cα|2νααj + cαc∗βναβj + c∗αcβνβαj + |cβ |2νββj , (57)
8νααj = Tr
[(
L†L+ Lα∗j + L
†αj + |αj |2
)
ρ˜ααj
]
, (58)
ν
αβ
j = Tr
[(
L†L+ Lβ∗j + L
†αj + αjβ∗j
)
ρ˜
αβ
j
]
, (59)
ν
βα
j = Tr
[(
L†L+ Lα∗j + L
†βj + α∗jβj
)
ρ˜
βα
j
]
, (60)
ν
ββ
j = Tr
[(
L†L+ Lβ∗j + L
†βj + |βj |2
)
ρ˜
ββ
j
]
. (61)
Now, making use of the fact that
1
Trρj+1
=
1
Trρj
(
1 + νjτ +O(τ
2)
)
, (62)
we obtain the set of difference equations
ρ˜ααj+1 − ρ˜ααj = ρ˜ααj νjτ − i[HS , ρ˜ααj ]τ −
1
2
{
L†L, ρ˜ααj
}
τ − ρ˜ααj Lα∗jτ
−L†ρ˜ααj αjτ − ρ˜ααj |αj |2τ +O(τ2), (63)
ρ˜
αβ
j+1 − ρ˜αβj = ρ˜αβj νjτ − i[HS , ρ˜αβj ]τ −
1
2
{
L†L, ρ˜αβj
}
τ − ρ˜αβj Lβ∗j τ
−L†ρ˜αβj αjτ − ρ˜αβj β∗jαjτ +O(τ2), (64)
ρ˜
ββ
j+1 − ρ˜ββj = ρ˜ββj νjτ − i[HS , ρ˜ββj ]τ −
1
2
{
L†L, ρ˜ββj
}
τ − ρ˜ββj Lβ∗j τ
−L†ρ˜ββj βjτ − ρ˜ββj |βj |2τ +O(τ2). (65)
The equation for the operator ρ˜βαj one can get using the fact that ρ˜
βα
j =
(
ρ˜
αβ
j
)†
.
When the result of the measurement at the moment (j + 1)τ is 1, we get the following recurrence formulas
|ψj+1〉〈ψj+1| =
(
L|ψj〉〈ψj |L† + L|ψj〉〈ψj |α∗j
+|ψj〉〈ψj |L†αj + |ψj〉〈ψj ||αj |2
)
τ +O(τ2), (66)
|ψj+1〉〈ϕj+1| =
(
L|ψj〉〈ϕj |L† + L|ψj〉〈ϕj |β∗j
+|ψj〉〈ϕj |L†αj + |ψj〉〈ϕj |αjβ∗j
)
τ +O(τ2), (67)
|ϕj+1〉〈ϕj+1| =
(
L|ϕj〉〈ϕj |L† + L|ϕj〉〈ϕj |β∗j
+|ϕj〉〈ϕj |L†βj + |ϕj〉〈ϕj ||βj |2
)
τ +O(τ2). (68)
The conditional probability of the outcome 1 at the moment (j+1)τ when the a posteriori state of S at the moment
jτ was ρ˜j is defined by
pj+1(1|ρ˜j) = Trρj+1
Trρj
, (69)
where ρj+1 is given by (51) with ηj = 1. One can check that
pj+1(1|ρ˜j) = νjτ +O(τ2), (70)
9where the conditional intensity νj is defined by (57). So for the result 1 we find that
ρ˜ααj+1 =
1
νj
(
Lρ˜ααj L
† + Lρ˜ααj α
∗
j + ρ˜
αα
j L
†αj + ρ˜ααj |αj |2
)
+O(τ), (71)
ρ˜
αβ
j+1 =
1
νj
(
Lρ˜
αβ
j L
† + Lρ˜αβj β
∗
j + ρ˜
αβ
j L
†αj + ρ˜
αβ
j αjβ
∗
j
)
+O(τ), (72)
ρ˜
ββ
j+1 =
1
νj
(
Lρ˜
ββ
j L
† + Lρ˜ββj β
∗
j + ρ˜
ββ
j L
†βj + ρ˜
ββ
j |βj |2
)
+O(τ). (73)
Let us introduce now the stochastic discrete process
nj =
j∑
k=0
ηk, (74)
with the increment
∆nj = nj+1 − nj. (75)
One can check that the conditional expectation
E[∆nj |ρ˜j ] = νjτ +O(τ2). (76)
Finally, by combining Eqs. (63)–(65) with Eqs. (71)–(73), we obtain the set of stochastic difference equations
ρ˜ααj+1 − ρ˜ααj = Lρααj τ + [ρ˜ααj , L†]αjτ + [L, ρ˜ααj ]α∗jτ
+
{
1
νj
(
Lρ˜ααj L
† + ρ˜ααj L
†αj + Lρ˜ααj α
∗
j
+ρ˜ααj |αj |2
)− ρ˜ααj
}
(∆nj − νjτ) , (77)
ρ˜
αβ
j+1 − ρ˜αβj = Lρββj τ + [ρ˜αβj , L†]αjτ + [L, ρ˜αβj ]β∗j τ
+
{
1
νj
(
Lρ˜
αβ
j L
† + ρ˜αβj L
†αj + Lρ˜
αβ
j β
∗
j
+ρ˜αβj β
∗
jαj
)
− ρ˜αβj
}
(∆nj − νjτ) (78)
ρ˜
ββ
j+1 − ρ˜ββj = Lρβαj τ + [ρ˜ββj , L†]βjτ + [L, ρ˜ββj ]β∗j τ
+
{
1
νj
(
Lρ˜
ββ
j L
† + ρ˜ββj L
†βj + Lρ˜
ββ
j β
∗
j
+ρ˜ββj |βt|2
)
− ρ˜ββj
}
(∆nj − νjτ) , (79)
where
Lρ = −i[HS , ρ]− 1
2
{
L†L, ρ
}
+ LρL† (80)
and the initial condition ρ˜αα0 = ρ˜
ββ
0 = |ψ〉〈ψ|, ρ˜αβ0 = 〈β|α〉|ψ〉〈ψ|. We dropped here all terms that do not contribute
to the continuous time limit when τ → dt. Note that when ∆nj is equal to 0, then Eqs. (77)–(79) reduce to Eqs.
(63)–(65), and when ∆nj is equal to 1, then all the terms proportional to τ in Eqs. (77)–(79) are negligible and we
obtain the formulas (71)–(73).
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Let us notice that to get the continuous in time evolution of S we fix time t = jτ such that when j → +∞ we have
τ → 0. Of course, we take t fixed but arbitrary. Thus in the continuous time limit we get from (77)–(79) the set of
the stochastic differential equations of the form
dρ˜ααt = Lρααt dt+ [ρ˜ααt , L†]αtdt+ [L, ρ˜ααt ]α∗tdt
+
{
1
νj
(
Lρ˜ααt L
† + ρ˜ααt L
†αt + Lρ˜ααt α
∗
t
+ρ˜ααt |αt|2
)− ρ˜ααt
}
(dnt − νtdt) , (81)
dρ˜
αβ
t = Lραβt dt+ [ρ˜αβt , L†]αtdt+ [L, ρ˜αβt ]β∗t dt
+
{
1
νt
(
Lρ˜
αβ
t L
† + ρ˜αβt L
†αt + Lρ˜
αβ
t β
∗
t
+ρ˜αβt β
∗
t αt
)
− ρ˜αβt
}
(dnt − νtdt) (82)
dρ˜
ββ
t = Lρββt dt+ [ρ˜ββt , L†]βtdt+ [L, ρ˜ββt ]β∗t dt
+
{
1
νt
(
Lρ˜
ββ
t L
† + ρ˜ββt L
†βt + Lρ˜
ββ
t β
∗
j
+ρ˜ββt |βt|2
)
− ρ˜ββt
}
(dnt − νtdt) (83)
and initially ρ˜αα0 = ρ˜
ββ
0 = |ψ〉〈ψ|, ρ˜αβ0 = 〈β|α〉|ψ〉〈ψ|. The stochastic process nt is defined as the continuous limit of
the discrete process nj . The Itô table for dnt is (dnt)
2
= dnt (we can measure at most one photon in the interval of
length dt) and E [dnt|ρ˜t] = νtdt, where
νt = |cα|2νααt + cαc∗βναβt + c∗αcβνβαt + |cβ |2νββt , (84)
νααt = Tr
[(
L†L+ Lα∗t + L
†αt + |αt|2
)
ρ˜ααt
]
, (85)
ν
αβ
t = Tr
[(
L†L+ Lβ∗t + L
†αt + αtβ∗t
)
ρ˜
αβ
t
]
, (86)
ν
βα
t = Tr
[(
L†L+ Lα∗t + L
†βt + α∗tβt
)
ρ˜
βα
t
]
, (87)
ν
ββ
t = Tr
[(
L†L+ Lβ∗t + L
†βt + |βt|2
)
ρ˜
ββ
t
]
. (88)
Moreover, the complex functions αt and βt satisfy the conditions∫ +∞
0
|αt|2dt < +∞,
∫ +∞
0
|βt|2dt < +∞, (89)
and
〈β|α〉 = exp
{
−1
2
∫ +∞
0
(|αt|2 + |βt|2 − 2αtβ∗t ) dt
}
. (90)
Thus, the a posteriori state of S is given as
ρ˜t = |cα|2ρ˜ααt + cαc∗β ρ˜αβt + c∗αcβρ˜βαt + |cβ |2ρ˜ββt , (91)
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where the conditional operators ρ˜ααt , ρ˜
αβ
t , ρ˜
ββ
t satisfy Eqs. (81)-(83), and ρ˜
βα
t =
(
ρ˜
αβ
t
)†
. One can check that Trρ˜t = 1
for any t ≥ 0. The equations (81)-(83) agree with the stochastic master equations derived in [23] (see Sec. IV in [23]).
When we take an average of ρ˜t over all realizations of the stochastic process nt (all possible outcomes) then we get
the a priori evolution of the system S. One can check that the a priori state of S is described by
̺t = |cα|2̺ααt + cαc∗β̺αβj + c∗αcβ̺βαt + |cβ |2̺ββt , (92)
where the operators ̺ααt , ̺
αβ
t , ̺
ββ
t satisfy the differential equations
˙̺ααt = L̺ααt + [̺ααt , L†]αt + [L, ̺ααt ]α∗t , (93)
˙̺αβt = L̺αβt + [̺αβt , L†]αt + [L, ̺αβt ]β∗t , (94)
˙̺ββt = Lρββt + [ρββt , L†]βt + [L, ρββt ]β∗t , (95)
where L acts as (80). The initial condition is ̺αα0 = ̺ββ0 = |ψ〉〈ψ|, ̺αβ0 = 〈β|α〉|ψ〉〈ψ|, and ̺βαt =
(
̺
αβ
t
)†
. One can
easily check that Tr̺ααt = Tr̺
ββ
t = 1, Tr̺
αβ
t = 〈β|α〉, and Tr̺βαt = 〈α|β〉 for any t ≥ 0.
B. Homodyne detection
Theorem 4 The conditional state of S and the part of the environment which has not interacted with S up to jτ for
the initial state (31) and the measurement of (21) at the moment jτ is given by
|Ψ˜j〉 = |Ψj〉√〈Ψj |Ψj〉 , (96)
where
|Ψj〉 = cα
+∞⊗
k=j
|αk〉k ⊗ |ψj〉+ cβ
+∞⊗
k=j
|βk〉k ⊗ |ϕj〉. (97)
The conditional vectors |ψj〉, |ϕj〉 from HS in (34) are given by the recurrence formulas
|ψj+1〉 = Rαjζj+1 |ψj〉, (98)
|ϕj+1〉 = Rβjζj+1 |ϕj〉, (99)
where ζj+1 stands for a random variable describing the (j + 1)-th output of (21), and
R
αj
ζj+1
=
1√
2
[
1S −
(
iHS +
1
2
L†L+ L†αj +
|αj |2
2
)
τ
+(L+ αj)ζj+1
√
τ +O
(
τ3/2
)]
, (100)
R
βj
ζj+1
=
1√
2
[
1S −
(
iHS +
1
2
L†L+ L†βj +
|βj |2
2
)
τ
+(L+ βj)ζj+1
√
τ +O
(
τ3/2
)]
, (101)
and initially we have |ψ0〉 = |ϕ0〉 = |ψ〉.
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Proof. To prove Theorem (4) we use the result of Sec. III.B and the linearity of the evolution equation for the total
system.
Clearly, the conditional state of S at the moment jτ has the form (44). We start derivation of the filtering equations
for the stochastic operators (45)–(48) from writing down the recursive formulas
2|ψj+1〉〈ψj+1| = |ψj〉〈ψj |+ L|ψj〉〈ψj |τ
+[|ψj〉〈ψj |, L†]αjτ + [L, |ψj〉〈ψj |]α∗j τ
+
[
(L+ αj) |ψj〉〈ψj |+ |ψj〉〈ψj |
(
L† + α∗j
)]
ζj+1
√
τ , (102)
2|ψj+1〉〈ϕj+1| = |ψj〉〈ϕj |
(
1− 1
2
(|αj |2 + |βj |2 − 2β∗jαj) τ
)
+L|ψj+1〉〈ϕj+1|τ
+[|ψj〉〈ϕj |, L†]αjτ + [L, |ψj〉〈ϕj |]β∗j τ
+
[
(L+ αj) |ψj〉〈ϕj |+ |ψj〉〈ϕj |
(
L† + β∗j
)]
ζj+1
√
τ , (103)
2|ϕj+1〉〈ϕj+1| = |ϕj〉〈ϕj |+ L|ϕj〉〈ϕj |τ
+[|ϕj〉〈ϕj |, L]βjdt+ [L, |ϕj〉〈ϕj |]β∗j τ
+
[
(L+ βj) |ϕj〉〈ϕj |+ |ϕj〉〈ϕj |
(
L† + β∗j
)]
ζj+1
√
τ , (104)
We can readily deduce that the conditional probability of the result ζj+1 at the moment (j+1)τ when the conditional
state of S is ρ˜j at the time jτ is given by
pj+1(ζj+1|ρ˜j) = 1
2
(
1 + µjζj+1
√
τ
)
+O(τ3/2), (105)
where
µj = |cα|2µααj + cαc∗βµαβj + c∗αcβµβαj + |cβ |2µββj (106)
and
µααj = Tr
[(
L+ L† + αj + α∗j
)
ρ˜ααj
]
, (107)
µ
αβ
j = Tr
[(
L+ L† + αj + β∗j
)
ρ˜
αβ
j
]
, (108)
µ
βα
j = Tr
[(
L+ L† + βj + α∗j
)
ρ˜
βα
j
]
, (109)
µ
ββ
j = Tr
[(
L+ L† + βj + β∗j
)
ρ˜
ββ
j
]
. (110)
Thus for the discrete stochastic process ζj we obtain the conditional mean values
E[ζj+1|ρ˜j ] = µj
√
τ +O(τ3/2), (111)
E[ζ2j+1|ρ˜j ] = 1 +O(τ3/2). (112)
Let us introduce now the stochastic process
qj =
√
τ
j∑
k=1
ζk (113)
One can easily check that E[∆qj = qj+1 − qj |ρ˜j ] = µjτ +O(τ3/2).
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Now, taking into account that
1
Trρj+1
=
2
Trρj
(
1− µjζj+1
√
τ + µ2jτ
)
(114)
after some algebra we find the set of the stochastic difference equations
ρ˜ααj+1 − ρ˜ααj = Lρ˜ααj τ + [ρ˜ααj , L†]αjτ + [L, ρ˜ααj ]α∗j τ
+
[
(L+ αj) ρ˜
αα
j + ρ˜
αα
j (L
† + α∗j )− µj ρ˜ααj
]
(∆qj − µjτ) , (115)
ρ˜
αβ
j+1 − ρ˜αβj = Lρ˜αβj τ + [ρ˜αβj , L†]αjτ + [L, ρ˜αβj ]β∗j τ
+
[
(L+ αj) ρ˜
αβ
j + ρ˜
αβ
j (L
† + β∗j )− µj ρ˜αβj
]
(∆qj − µjτ) , (116)
ρ˜
ββ
j+1 − ρ˜ββj = Lρ˜ββj τ + [ρ˜ββj , L†]βjτ + [L, ρ˜ββj ]β∗j τ
+
[
(L+ βj) ρ˜
ββ
j + ρ˜
ββ
j
(
L† + β∗j
)− µj ρ˜ββj ] (∆qj − µjτ) (117)
with the initial conditions ρ˜αα0 = |ψ〉〈ψ|, ρ˜ββ0 = |ψ〉〈ψ|, ρ˜αβ0 = 〈β|α〉|ψ〉〈ψ|. Then in the continuous time limit we have
dρ˜ααt = Lρααt dt+ [ρ˜ααt , L†]αtdt+ [L, ρ˜ααt ]α∗t dt
+
[
(L+ αt) ρ˜
αα
t + ρ˜
αα
t
(
L† + α∗t
)− µtρ˜ααt ] (dqt − µtdt) (118)
dρ˜
αβ
t = Lραβt dt+ [ρ˜αβt , L†]αtdt+ [L, ρ˜αβt ]β∗t dt
+
[
(L+ αt) ρ˜
αβ
t + ρ˜
αβ
t
(
L† + β∗t
)− µtρ˜αβt ] (dqt − µtdt) , (119)
dρ˜
ββ
t = Lρββt dt+ [ρ˜ββt , L†]βtdt+ [L, ρ˜ββt ]β∗t dt
+
[
(L+ βt) ρ˜
ββ
t + ρ˜
ββ
t
(
L† + β∗t
)− µtρ˜ββt ] (dqt − µtdt) (120)
where
µt = |cα|2µααt + cαc∗βµαβt + c∗αcβµβαt + |cβ |2µββt (121)
and
µααt = Tr
[(
L+ L† + αt + α∗t
)
ρ˜ααt
]
, (122)
µ
αβ
t = Tr
[(
L+ L† + αt + β∗t
)
ρ˜
αβ
t
]
, (123)
µ
βα
t = Tr
[(
L+ L† + βt + α∗t
)
ρ˜
βα
t
]
, (124)
µ
ββ
t = Tr
[(
L+ L† + βt + β∗t
)
ρ˜
ββ
t
]
. (125)
The process qj in the limit τ → 0 converges to the stochastic process qt with the conditional probability E[dqt =
qt+dt − qt|ρ˜t] = µtdt.
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V. AN EXAMPLE: A CAVITY MODE
About the emergence of collision model in quantum optics one can read, for instance, in [33, 42]. To derive the
discrete model of repeated interactions and measurements one starts from description of interaction of a quantum
system with a Bose field propagating in only one direction, making the rotating wave approximation and taking the
flat spectrum of the field. Then one passes to the interaction picture with respect to the free dynamics of the field and
takes the Hamiltonian of the field in the frequency domain with the lower limit of integration extended to −∞. The
time coarse-graining model arises from division of the field into some probe segments. From the form of the interaction
Hamiltonian (5) follows the fact that the system (an atom or a cavity mode) can absorb at a given moment at most
one photon. Lack of an interaction between the system and the output field means that the photons emitted by
the system leaves the interaction region and can not be reabsorbed. We describe here briefly the a priori and the a
posteriori evolution of a cavity mode coupled to a propagating one-dimensional Bose field in a superposition of two
coherent states. Thus, we have
HS = ω0a†a, (126)
L =
√
Γa, (127)
where a stands for the annihilation operator, ω0 > 0, and Γ is the positive coupling constant. We consider here the
case when the harmonic oscillator is initially in the coherent state
a|u〉 = u|u〉. (128)
Then, the solution to the set of the master equations can be written in the form
̺t = |cα|2|ft〉〈ft|+ cαc∗β
〈β|α〉
〈gt|ft〉 |ft〉〈gt|+ c
∗
αcβ
〈α|β〉
〈ft|gt〉 |gt〉〈ft|+ |cβ |
2|gt〉〈gt|, (129)
where
〈gt|ft〉 = exp
{
−1
2
(|gt|2 + |ft|2 − 2g∗t ft)
}
, (130)
and |ft〉, |gt〉 are coherent states of the harmonic oscillator with the amplitudes satisfying the equations
f˙t = −
(
iω0 +
Γ
2
)
ft −
√
Γαt, (131)
g˙t = −
(
iω0 +
Γ
2
)
gt −
√
Γβt, (132)
where one can easily recognize the damping and driving terms. Hence, we obtain
ft = e
−(iω0+Γ2 )t
(
u−
√
Γ
∫ t
0
e(iω0+
Γ
2 )sαsds
)
(133)
gt = e
−(iω0+Γ2 )t
(
u−
√
Γ
∫ t
0
e(iω0+
Γ
2 )sβsds
)
. (134)
The solution (129) one can check simply by inserting it into Eqs. (93)-(95). The conditional state of the system can
be written as
ρ˜t = |cα|2Gααt |ft〉〈ft|+ cαc∗β
〈β|α〉
〈gt|ft〉G
αβ
t |ft〉〈gt|+ c∗αcβ
〈α|β〉
〈ft|gt〉G
βα
t |gt〉〈ft|+ |cβ |2Gββt |gt〉〈gt|, (135)
where the conditional amplitudes ft and gt coincide with the a priori ones given by (133) and (134), and the stochastic
coefficients Gααt , G
αβ
t , G
βα
t , and G
ββ
t for the counting stochastic process satisfy the equations
dGααt = (ν
αα
t −Gααt νt) (dnt − νtdt) , (136)
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dG
αβ
t =
(
ν
αβ
t
〈β|α〉 −G
αβ
t νt
)
(dnt − νtdt) , (137)
dG
βα
t =
(
ν
βα
t
〈α|β〉 −G
βα
t νt
)
(dnt − νtdt) , (138)
dG
ββ
t =
(
ν
ββ
t −Gββt νt
)
(dnt − νtdt) , (139)
where the intensities have the form
νααt =
∣∣∣√Γft + αt∣∣∣2Gααt , (140)
ν
αβ
t =
(√
Γft + αt
)(√
Γg∗t + β
∗
t
)
G
αβ
t 〈β|α〉, (141)
ν
βα
t =
(√
Γf∗t + α
∗
t
)(√
Γgt + βt
)
G
βα
t 〈α|β〉, (142)
ν
ββ
t =
∣∣∣√Γgt + βt∣∣∣2Gββt . (143)
For the homodyne observation, we get
dGααt = (µ
αα
t −Gααt µt) (dqt − µtdt) , (144)
dG
αβ
t =
(
µ
αβ
t
〈β|α〉 −G
αβ
t µt
)
(dqt − µtdt) , (145)
dG
βα
t =
(
µ
βα
t
〈α|β〉 −G
βα
t µt
)
(dqt − µtdt) , (146)
dG
ββ
t =
(
µ
ββ
t −Gββt µt
)
(dqt − µtdt) , (147)
where
µααt =
(√
Γ (ft + f
∗
t ) + αt + α
∗
t
)
Gααt , (148)
µ
αβ
t =
(√
Γ (ft + g
∗
t ) + αt + β
∗
t
)
G
αβ
t 〈β|α〉, (149)
µ
βα
t =
(√
Γ (f∗t + gt) + α
∗
t + βt
)
G
βα
t 〈α|β〉, (150)
µ
ββ
t =
(√
Γ (gt + g
∗
t ) + βt + β
∗
t
)
G
ββ
t . (151)
One can prove (135) by inserting the conditional operators ρ˜ααt , ρ˜
αβ
t , ρ˜
βα
t , and ρ˜
ββ
t of the proposed forms into the
relevant filtering equations. One can check that this leads to the given differential equations for the amplitudes ft
and gt, and the coefficients G
αα
t , G
αβ
t , G
βα
t , and G
ββ
t . For the environment taken in a coherent state our formulas
reduces to the known results (see, for instance, [3, 43]).
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VI. CONCLUSION
We derived the stochastic equation describing the conditional evolution of an open quantum system interacting
with the Bose field prepared in a superposition of coherent states. We consider two schemes of measurement of the
output field: photon counting and homodyne detection. Instead of methods based on the quantum stochastic calculus
and the cascades system model [23], we used the collision model with the environment given by an infinite chain of
qubits. We assumed that the bath qubits do not interact between themselves and they are initially prepared in the
entangled state being a discrete analogue of a superposition of continuous-mode coherent states. The initial state of
the compound system was factorisable. Because of the temporal correlations present in the environment, the evolution
of open quantum system becomes non-Markovian. We started from the discrete in time description of the problem and
obtained in the continuous time limit differential filtering equations consistent with the results published in [22, 24].
We would like to stress that the presented method is more straight and intuitive than the methods described in
[22, 24]. It not only allows to derive the equations describing the conditional evolution of the system but also enables
to find the general structure of quantum trajectories.
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